This work is devoted to studying the combined effect that arises due to surface texture and surface roughness in hydrodynamic lubrication. An effective approach in tackling this problem is by using the theory of reiterated homogenization with three scales. In the numerical analysis of such problems, a very fine mesh is needed, suggesting some type of averaging. To this end, a general class of problems is studied that, e.g. includes the incompressible Reynolds problem in both Cartesian and cylindrical coordinate forms. To demonstrate the effectiveness of the method several numerical results are presented that clearly show the convergence of the deterministic solutions towards the homogenized solution. Moreover, the convergence of the friction force and the load-carrying capacity of the lubricant film is also addressed in this paper. In conclusion, reiterated homogenization is a feasible mathematical tool that facilitates the analysis of this type of problem.
INTRODUCTION
Throughout the years, the general theory of homogenization has been successfully applied to different problems connected to hydrodynamic lubrication (see, for example, [1] [2] [3] [4] [5] [6] [7] ). In these works it was shown that the rapid oscillations (in the coefficients of the Reynolds type equation under consideration) induced by the surface roughness, could efficiently be averaged by the homogenization method employed. In these previous results, it is assumed that the lubrication problem exhibits two separable scales, i.e. a global scale describing the geometric shape of the application and a local scale describing the surface roughness.
In the present work, it is assumed that the problem of interest, exhibits three separable scales, i.e. one global scale describing geometry, one oscillating local scale describing the surface texture, and a faster oscillating local scale describing the surface between the proposed method and the direct numerical approach, in terms of predicted load-carrying capacity and friction force are tolerably small; O (1 per cent) for textures as well as roughness of wavelengths likely to be found in a real application. That is, wavelengths within the ranges 1/100-1/10 of the length bearing for the texture and 1/10 000-1/100 for the roughness.
THE HOMOGENIZATION PROCEDURE
In this section, a class of equations that includes the Reynolds equation governing incompressible Newtonian flow is considered. It can be seen that the generalized form (1), makes it possible to study the Reynolds problem in its Cartesian, and cylindrical coordinate forms see section 4.
Let be an open bounded subset of R 2 , Y = (0, 1) 2 , and Z = (0, 1) 2 . Introduce the auxiliary matrix A = (a ij ), where a ij = a ij (x, y, z) , and i = 1, 2, and j = 1, 2 are smooth functions that are Y -periodic in y and Z -periodic in z. It is also assumed that a constant α > 0 exists such that 2 i,j=1 a ij (x, y, z) (x, y, z) and i = 1, 2, are smooth functions that are Y -periodic in y and Z -periodic in z. Let ε > 0 and define the matrix A ε and the vector b ε as A ε (x) = a ε 11 (x) a ε 12 (x) a ε 21 (x) a ε 22 (x)
Consider the following boundary value problem
For small values of the parameter ε, the coefficients in equation (1) are rapidly oscillating. This suggests some type of asymptotic analysis; p ε → p 0 as ε → 0 and p 0 can be found by solving a so-called homogenized equation (8), which does not contain any rapid oscillations. This means that p 0 may be used as an approximation of the solution p ε for small values of ε.
The method of multiple scale expansion developed in the homogenization theory is used to derive a homogenization result connected to equation (1). For general information concerning this method in connection to homogenization (see, for example, [8, 11] ). The homogenization of Reynolds type equations involving only one local scale have been studied by multiple scale expansion in references [1] , [3] , [7] , and [12] .
Assume that p ε is of the form
where p i = p i (x, y, z) is Y -periodic in y and Z -periodic in z. The main idea is to insert the expansion (2) into equation (1), and then collect terms of the same order of ε and analyse the system of equations obtained. A comprehensive analysis can be found in Appendix 2.
The main result is that the leading term p 0 in the expansion (2) is of the form p 0 = p 0 (x) and is found by the following homogenization algorithm.
Step 1: solve the local problems (on the z-scale)
where u i = u i (x, y, z), i = 0, 1, 2, is Y -periodic in y, Z -periodic in z, and {e 1 , e 2 } is the canonical basis in R 2 . Use these local solutions to define the matrix
Step 2: solve the local problems (on the y-scale)
where v i = v i (x, y), i = 0, 1, 2, is Y -periodic in y and AA z is the average with respect to Z . Use these local solutions to define the matrix
Step 3: compute the homogenized matrix A 0 and the homogenized vector b 0 by the following formulas
Step 4: find p 0 by solving the so called homogenized problem
The main advantage of the above algorithm is that the scales are treated separately, i.e. first one 'averages' with respect to the z-scale, then with respect to the y-scale and finally one solves the homogenized equation. It is noted that the homogenized equation does not contain any oscillating coefficents, nevertheless, it takes into account the effects of the local scales, see equation (7). The fact that the scales can be separated in this way, significantly simplifies the numerical analysis of the problem.
AN ADDITIONAL RESULT
In this section, the convergence of ∇p ε is investigated. The functions p i , i = 0, 1, 2, in the expansion is of the form
for small values of ε. According to the analysis in Appendix 2, p 1 and p 2 can be expressed in terms of the solutions u i and v i of the local problems (3), (4), (5), and (6), respectively. Making use of equations (49) and (53) in addition to equations (45) and (58) yields
after some straightforward calculations. According to references [10], [13], and [14] , the following convergence holds
for any smooth function ϕ that is Y -periodic in y and Z -periodic in z.
APPLICATION TO HYDRODYNAMIC LUBRICATION
In this section, it is studied how the general reiterated homogenization result can be applied to analyse the effects of texture and surface roughness in the hydrodynamic lubrication goverened by the Reynolds equation. For this purpose, an auxiliary function is introduced, which may be used to represent the lubricant film thickness
where:
(a) h 0 (x) describes the geometry of the bearing;
is a Y -periodic function in y and a Z -periodic in z, representing the roughness contribution.
Note that this formulation admits studying problem where the texture and the roughness changes with position at the tribological interface. For example, this enables studying the effects of a texture only on a part of the surface, which in turn may exhibit different surface roughness patterns at different parts of the texture itself. However, here the numerical examples are restricted to consider the case where the texture and the roughness representation does not change with the position, i.e. h T = h T (y) and h R = h R (z). By making use of the auxiliary function h, it is possible to model the deterministic film thickness h ε as
where ε is a parameter that describes the texture and roughness wavelength. Now, by choosing
in equation (1), where e 1 = (1, 0), the Reynolds equation describing incompressible Newtonian flow in Cartesian coordinates is obtained, that is
where, p ε is the hydrodynamically induced pressure distribution, μ is the (constant) viscosity of the Newtonian lubricant, and U is the linear speed of the moving smooth surface.
It is also observed that by choosing
in equation (1), where ω is the angular speed of the smooth rotating surface and (x 1 , x 2 ) are the angular and the radial coordinates, the Reynolds equation describing incompressible Newtonian flow in cylindrical coordinates is obtained
It should be noted that the homogenization result, which is that p ε → p 0 as ε → 0, does not require any restrictions on the geometry, neither on the texture (y-scale) nor on the roughness (z-scale). The only limitation is that ε should be sufficiently small in order to approximate the hydrodynamic pressure p ε with p 0 . As will be seen this is actually no limitation since ε is very small in realistic examples.
From the homogenization result, convergence of load-carrying capacity I ε automatically follows, that is
Moreover, the convergence of ∇p ε in section 3 is studied. The convergence of hydrodynamically induced friction force, F ε , and frictional torque, T ε , are connected to the derivative ∂p ε /∂x 1 , and by making use of equation (10), the following expressions are obtained
for friction force and
for frictional torque. To clarify, from the equations above, the resulting homogenized quantity is made up of friction force/torque due to the smooth (averaged) film thickness plus a corrector term identified by three separate contributions, i.e. due to roughness or texture acting alone or roughness and texture acting together. In the following, numerical investigations are conducted to the convergence associated with loadcarrying capacity and the hydrodynamically induced friction force by employing a second-order finitedifference scheme. The results of these investigations, justify the applicability of the homogenization process presented in this paper. Subsequently, the effects of periodic texture and surface roughness are studied by considering a thrust pad bearing problem. It is observed that for one-dimensional texture and roughness representation only very small differences exist between the homogenized numerical solution (HNS) and the direct numerical solution (DNS). It is pointed out that it is only possible to find the DNS in the case of transversal and longitudinal (i.e. one-dimensional) texture and roughness due to the enormous number of discretization points that is required in the general case. From the general analysis, it is clear that it is always possible to obtain an approximate solution p 0 of p ε , with very high accuracy by solving the homogenized equation. From an application point of view, this means that for arbitrary (i.e. also two-dimensional) yet physically relevant, texture and roughness, a highly accurate approximation p 0 of the pressure solution p ε , can be obtained by solving the homogenized equation. This is one of the benefits with the method.
A numerical investigation of convergence
Computationally, it is extremely demanding to retrieve the DNS for short wavelength roughness (and texture). Therefore, to assess and quantify the convergence, the one-dimensional problem was first revisited. This elementary problem constitutes an excellent benchmark for the implemented numerics, since it is possible to obtain closed form expressions for the coefficients in the homogenized equation. Specifically, a onedimensional representation of the Reynolds equation is obtained, for incompressible and Newtonian flow, in Cartesian coordinates by considering equation (14), that is
where L is the length of the stationary surface exhibiting texture and roughness. Through equation (11), the film thickness function of the modelled linear slider bearing, is described with
where h min denotes the fixed minimum film thickness of the corresponding smooth problem, i.e. the problem with a smooth stationary surface as well as a smooth moving surface. To generalize the results, the dimensionless variables X = x/L, H = h/h min , and P ε = p ε /(6μUL/h 2 min ) were introduced to obtain a dimensionless Reynolds problem
The dimensionless representation of the auxiliary film thickness function is also presented, in terms of these dimensionless variables, that is
The homogenized problem corresponding to equation (20) reads as
P 0 (0) = P 0 (1) = 0 Figure 1 illustrates the convergence of load-carrying capacity I ε towards I 0 with decreasing ε. In fact, it is the measure
if P ε , P 0 0) that is considered as being a function of ε in the figure. When computing the DNS, 2 5 discrete nodes were used to represent a single wavelength of the texture, e.g. for ε = 2 −7 , a total number of (1/2 −7 ) 2 2 5 = 2 19 grid nodes were used. As deduced from the figure, the rate of convergence is very close to linear, with the goodness of fit equaling 0.99. To further elaborate on the convergence of P ε towards P 0 , a set of DNS (P ε ) and the HNS (P 0 ) is illustrated in Fig. 2 .
To facilitate the derivation of the specific version of equation (17) that corresponds to the onedimensional dimensionless form of equation (1), A ε = H 3 ε (x 1 ) and b ε = H ε (x 1 ) are first chosen. Then, owing to equation (17), the following convergence, in terms of dimensionless friction force
For the one-dimensional problem, the cell problems (3), (4), (5), and (6) can be solved explicitly. Inserting the solutions Figure 3 displays the convergence of F ε . Actually, Fig. 3 visualizes the variation with ε in the expression
In comparison to the (almost) linear convergence for I ε , the rate of convergence of F ε is lower than linear, according to the figure. However, the results presented above, particularly those shown in Figs 1 and 3, clearly serve as justification of the applicability of the proposed reiterated homogenization result. More specifically, the discrepancies in terms of predicted load-carrying capacity and friction force are tolerably small; O(1 per cent) for textures as well as roughness of wavelengths likely to be found in a real application. That is, wavelengths within the ranges 1/100-1/10 of the length bearing for the texture and 1/10 000-1/100 for the roughness. 
Application to a thrust pad bearing problem
The effects of periodic texture and surface roughness are here exemplified by considering a thrust pad bearing problem. The flow is assumed to be modelled through the cylindrical coordinate formulation of the Reynolds problem, i.e. equation (16). A point x in the bearing is identified by its cylindrical coordi-
(with x 1 denoting the angular and x 2 the radial coordinate). In this case, convergence of frictional torque, T ε , is given by equation (18). There are two ways of approaching the lubrication problem. In the preceding section, the separation h min between the surfaces on the global scale is regarded as an input parameter and retrieved the solution in terms of the single dependent parameter, i.e. dimensionless hydrodynamic pressure P ε , by solving the Reynolds equation (20). Observe that due to the specific dimensionless formulation chosen, the solution p ε for arbitrary h min > 0 is obtained.
In approaching the present thrust pad bearing problem, a force-balance equation is employed
where the applied load W appears as an input parameter. The Reynolds equation (26) and the forcebalance equation (26) are then solved to retrieve the solution in terms of the two dependent parameters, namely the separation between the surfaces on the global scale h 00 and the hydrodynamic pressure p ε . Again, equation (11) is used to represent the film thickness and define
to model a single bearing segment. Note that h 00 exactly defines the height of the parallel gap between the trailing edge and the rotating shaft surface and that its value depends on the applied load W . (For the smooth problem (h T = h R ≡ 0), h 00 represents the minimum film thickness.) In equation (27), R denotes the inner radius, θ 0 defines the size of the pad in radians and α controls the pad inclination. See Fig. 4 for a schematic description of a bearing segment within the bearing.
The effects of periodic texture and surface roughness are examined by considering the homogenized correspondence equations (8) to (16) . The case of transversal sinusoidal surface texture as well as the surface roughness is addressed first
Fig. 4 A schematic descriptions of a single pad
where
Explicitly, the auxiliary functions are
and
The separation h ε 00 is regarded as a parameter that is parameterized in ε and dependent on W , and therefore the Reynolds equation (16) and the force-balance criterion (26) are solved for h ε 00 and p ε (or h 0 00 and p 0 for the corresponding homogenized system of equations). The input parameters chosen for this specific problem are found in Table 1 .
To resolve the direct numerical solution (DNS) properly, each roughness wavelength is resolved with 2 5 discrete nodes. For the results presented here, this means a total number of uniformly distributed nodes of 2 5 (2 4 ) 2 = 2 13 in the x 1 -direction for ε = 2 −4 , whereas 2 6 nodes were considered sufficient for the discretization in the x 2 -direction. The coefficients in the homogenized matrix and vector, both given in equation (7), were obtained by solving the (one-dimensional) periodic Y or Z cell problems with 2 6 nodes in the y 1 -and the z 1 -directions. Table 2 displays normalized homogenized separation h 0 00 /h s 00 , where h s 00 = 6.72 · 10 −6 m denotes the minimum film thickness for the correspondingly smooth problem. In the table, texture amplitude a T increases vertically downwards, whereas roughness amplitude a R increases horizontally to the right, as indicated by a T \a R .
For ε = 2 −4 , the maximum relative difference between h ε 00 and h 0 00 was found to be less than 0.01. More specifically, for ε = 2 −4 , corresponding to a texture wavelength θ 0 2R/2 4 ≈ 0.5 · 10 −3 m measured at the outer radius (x 2 = 2R) and for (a T , a R ) = (8a, 8a), h ε 00 − h 0 00 /h 0 00 = 0.0097 is obtained. The fact that the maximum difference occurs for (a T , a R ) = (8a, 8a) is to be expected, as an increase in texture amplitude or roughness amplitude also increases the discretization errors. Since, in theory, it makes sense to distinguish between roughness and texture only when both of them are present, the first row and column in Table 2 could be used as a benchmark of the numerical routine employed. Although the figures in the table seem to indicate that the rigid body separation is symmetrical with respect to texture and roughness amplitude, no theoretical evidence supporting this is reported here. Table 3 presents the variation in the normalized homogenized frictional torque, T 0 /T s . The numerical values of T 0 are computed from equation (18) and the frictional torque exhibited for a set of perfectly smooth surfaces, is found to be T s = 1.16 · 10 −3 Nm. Also, for ε = 2 −4 and (a T , a R ) = (8a, 8a), it is found that |T ε − T 0 |/T 0 = 0.0037.
According to Table 3 , the previously remarked symmetry observed in Table 2 , with respect to texture and roughness amplitude also to hold true for the homogenized frictional torque. For example, a texture (2a, 0) , and a texture of amplitude 0 combined with roughness of amplitude 2a, i.e. (a T , a R ) = (0, 2a), yields approximately the same h 0 00 or T 0 according to the tables, i.e. h 0 00 = 0.9298 and T 0 = 1.0021, whereas (a T , a R ) = (a, a) results in h 0 00 = 0.9278 and T 0 = 1.0011. However, superpositioning the effects resulting from (a T , a R ) = (a, 0) and (a T , a R ) = (0, a) gives, with four decimal places, h 0 00 = 0.9278 and T 0 = 1. 0010. The relative discrepancies between the superpositioned results and the directly computed results were found to be 3.15 · 10 −6 for h 0 00 and 1.35 · 10 −5 for T 0 . For the frictional torque, it is suggested that this relative difference is attributed to the last term in equation (18), i.e. the term for the combined effect of texture and roughness.
Next, the textured pad from the preceding case is considered, i.e. equations (28) and (29), but with a longitudinal instead of a transversal sinusoidally shaped surface roughness,
The results are compiled in Tables 4 and 5 . These tables illustrate how a longitudinally shaped roughness (or texture, interpreting the data in the first row as being induced by a surface texture instead of surface roughness) influences film formation to a higher degree than the transversal correspondence. When considering the induced frictional torque, the effects caused by the longitudinally shaped roughness (or texture) shows a less pronounced effect than that of the corresponding transversal case. This corresponds well with what would be intuitively expected 
Fig. 5 Artificially ground surface texture h T (y)
and confirms what is already well known within the field. Tables 6 and 7 compare the two more realistic surface roughness representations found in Figs 7 and 8 with the previously considered sinusoidal representations as well as the smooth case. In addition to the transversal and longitudinal sinusoidal textures, the textures given by equation (32) (displayed in Fig. 5 ) and equation (33) (displayed in Fig. 6 ) were also considered. All four roughness representations were scaled to exhibit an average roughness value R a (= Z |h R (z) − Z h R (z) d z|d z) of 1 μm. This means that the corresponding amplitude of the sinusoidal representations (both the transversal and the longitudinal) become a R = R z /2 = πμm, i.e. R z = 2π μm ≈ 6.28 μm. The rough surface in the Fig. 7 has R z = 6.10 μm and the one in Fig. 8 has R z = 11.00 μm. In all simulations (except for the case without any texture), the texture amplitude was held fixed, i.e. a T = 4 μm.
Fig. 6
Artificially dimpled surface texture h T (y) Figure 5 presents the mathematical description of the surface texture given by h T (y) = 10 −50(y 1 −1/2) 2 cos 2π y 1 − 1 2 (32)
while the surface representation presented in Fig. 6 is modelled mathematically by h T (y) = 10 −25((y 1 −1/2) 2 +(y 2 −1/2) 2 ) cos 2π y 1 − 1 2 × cos 2π y 2 − 1 2 (33) Figure 7 displays a surface roughness representation h R (z), exhibiting an almost unskewed striated pattern, whereas Fig. 8 displays a negatively skewed surface roughness representation h R (z) that exhibits a reasonably random pattern. Both of these roughnesses originate from measurements but have been resampled and normalized for the assessments conducted here. Normalized to an average roughness value, R a = 1 μm, these roughness representations have R z = 6.10 μm and R z = 11.00 μm (as previously mentioned) and their corresponding skewness values, R SK = −0.0061 and R SK = −1.7284. In studying Table 6 , one notices that the longitudinal texture deteriorates film formation most, i.e. produces the smallest values of the ratio h 0 00 /h s 00 , and the artificially dimpled texture (33) the least without considering the perfectly Fig. 7 is by far the most detrimental in terms of film formation. This surface roughness representation exhibits exactly the same R a (ensured by the scaling) and approximately the same R z and R SK values as those corresponding to the transversal sinusoidal representation. The same table clearly shows that after the perfectly smooth surfaces, it is the transversal sinusoidal roughness representation that generates the thickest film. Hence, it is concluded that for a prediction to be reliable it must consider more information than the three abovementioned surface roughness parameters. Addressing frictional torque, it is -according to Table 7 -the artificially dimpled texture (33) is again the texture inducing the smallest effect. However, it is the transversal and not the longitudinal sinusoidal texture that influences frictional torque the most. In optimizing the performance in terms of film formation and induced frictional torque, it is clear that perfectly smooth surfaces are preferred, this was also previously confirmed (see, for example, [3] ). However, disregarding the unrealistic perfectly smooth bearing, it is the artificially dimpled surface texture (33) that yields the thickest films and induces the smallest frictional torque. As well, it is the grounded surface roughness representation displayed in Fig. 7 that clearly has the most severe influence on film formation and frictional torque. Thus, from a manufacturing point-of-view, in choosing from the selection of textures and roughnesses found in Tables 6 and 7 , it would probably be most convenient to use a laser dimpling technique to achieve the 4 μm deep texture and then radially grind to a 1 μm R a -value. This would be a rather successful combination according to the present findings. However, if the surface is further processed from its grounded state, e.g. also chemically de-burred, it might display a surface finish similar to that presented in Fig. 8 . In turn, this should facilitate film formation as well as lower the induced frictional torque, according to the results presented here.
CONCLUSIONS
The main result is that a reiterated homogenization procedure is successfully developed for a class of problems by using multiple scale expansion. In particular, the Reynolds problem, which governs incompressible and Newtonian flow in Cartesian and cylindrical coordinates, belongs to this class. This made it possible to efficiently study problems connected to hydrodynamic lubrication including shape, texture and roughness. Herein lies the novelty of the results, whereas only two scales, i.e. shape and roughness, have been considered previously we can consider a third scale, i.e. the texture.
In addition, the convergence of the pressure gradient is analysed. This enabled to study the limiting behaviour of hydrodynamically induced friction force and frictional torque, as the wavelengths of the local scales tend to zero.
To demonstrate the applicability and effectiveness of the method, several numerical results are presented, which clearly show the convergence of the deterministic solutions towards the homogenized solution. The quantification of convergence was given in terms of load-carrying capacity and friction force. In these convergence illustrations, only transversal and longitudinal roughness and texture were considered. The reason for this was that it is impossible to obtain the full numerical solution for two-dimensional roughness and texture, due to enormous amount of discretization points, which are required to resolve the surface. However, by using the homogenization result it is possible to study the effects of arbitrary roughness with very high accuracy by solving the derived smooth homogenized equation. This was demonstrated in an example connected to a realistic thrust pad bearing problem, where the effects of texture and roughness on film formation and frictional torque were investigated.
Based on the general convergence result for the pressure gradient, the limit of the deterministic expression is deduced for the frictional force. The resulting homogenized quantity is made up of friction force due to the smooth (averaged) film thickness plus a corrector term. Moreover, in this corrector term, one can identify three separate contributions, i.e. due to either roughness or texture acting alone or texture and roughness acting together. The presence of terms of the latter kind implies that roughness could enhance (or diminish) certain effects that are essentially due to texture (and vice versa). The numerical results indicate that the combined effect due to texture and roughness on the modelled hydrodynamic bearings can be efficiently analysed using reiterated homogenization. The resulting discrepancies in terms of predicted load-carrying capacity and friction force are small; O(1 per cent) for textures as well as roughnesses of wavelengths likely to be found in a real application.
That is, wavelengths within the ranges 1/100-1/10 of the length bearing for the texture and 1/10 000-1/100 for roughness.
From the assessment of the combined effects of texture and roughness -that arise in the modelled thrust pad bearing -the conclusion that reiterated homogenization is a feasible tool is drawn. For any prediction to be reliable, more information regarding the surface than the three surface roughness parameters, R a , R z , and R SK are required. u i Z -periodic solution of the local problems, i = 0, 1, 2 U linear speed of moving surface v i Y -periodic solution of the local problems, i = 0, 1, 2 x local spatial coordinate, x = (x 1 , x 2 ) X dimensionless spacial coordinate = x/L y local spatial coordinate, 
APPENDIX 2
In this appendix the analysis leading to the homogenization result is presented, by deriving the homogenized equation (8) corresponding to equation (1). The method used is known as multiple scale expansion. For more information concerning this method in connection with homogenization (see, for example, [8]). It is observed that the chain rule applied to a smooth function of the form ψ ε (x) = ψ(x, y, z), where y = x/ε and z = x/ε 2 gives that
Inserting the expansion equation (2) (of p ε ) into equation (1) and making use of equation (34), it is obtained
Let the differential operators A i , i = 0, . . . , 4 be defined as
Using the above notation (35) may be written as
By comparing terms with the same order of ε (from −4 to 0), the following system of equations are obtained
In the following, the following well-known result is frequently used u = f has a solution if and only if
In this case, u is unique up to an additive constant, where is any of the operators A 0 , A 1 , A 2 , . . . and Z may be replaced with Y . See for example [11, p. 39 ] for a proof of equation (37). According to equation (37), it is clear that p 0 in equation (36a) does not depend on z, that is
and this simplifies equation (36) to A 0 p 1 (x, y, z) = −∇ z · (A(x, y, z)∇ y p 0 (x, y))
By linearity p 1 (x, y, z) = u 1 (x, y, z) ∂p 0 ∂y 1 (x, y)
where the Z -periodic function u i = u i (x, y, z), i = 1, 2 is a solution (unique up to a constant) to the following local problem ∇ z · (A(∇ z u i + e i )) = 0 in Z
According to equation (37), (36c) can be solved for p 2 if and only if Z (A 1 p 1 + A 2 p 0 ) d z = 0
Substituting equation (40) into equation (42) and considering Z -periodicity, it is found that ∇ y · Z A ∇ y p 0 + ∇ z u 1 ∂p 0 ∂y 1 + u 2 ∂p 0 ∂y 2 d z = 0
This is identical to ∇ y · A(x, y, z)A(x, y, z) z ∇ y p 0 (x, y) = 0
where f z = Z f d z and
It is remarked that the equation (44) is the homogenized equation after the first reiteration. Equation (44) implies that p 0 (x, y) = p 0 (x)
Thus, by virtue of equation (40) p 1 = p 1 (x, y)
Using equations (46) and (47) in equation (36c) and simplifying gives
By linearity, it is found that p 2 is of the form p 2 (x, y, z) = u 0 (x, y, z) + u 1 (x, y, z)
where u 0 is a solution (unique up to an additive constant) to the local problem
Recall that even though y is a parameter in this context, u 0 in equation (50), and u 1 and u 2 in equation (41) are not only Z -periodic, but also Y -periodic functions.
To solve equation (36d) for p 3 , it must hold that Z (A 1 p 2 + A 2 p 1 + A 3 p 0 − ∇ y · b) dz = 0 Expansion yields Z ∇ y · A∇ z p 2 + ∇ y · A∇ y p 1 + ∇ y · A∇ x p 0 − ∇ y · b d z = 0 (51)
Inserting equation (49) in equation (51) and rearranging the terms, it is obtained that Z ∇ y · A ∇ x p 0 + ∇ z u 1 ∂p 0 ∂x 1 + u 2 ∂p 0 ∂x 2 + A∇ z u 0 − b + A ∇ y p 1 + ∇ z u 1 ∂p 1 ∂y 1 + u 2 ∂p 1 ∂y 2 d z = 0 and by virtue of equation (45), this reduces to
By linearity, the equation (52) is satisfied if p 1 is of the form p 1 (x, y) = v 0 (x, y) + v 1 (x, y) ∂p 0 ∂x 1 (x)
where the Y -periodic functions v i = v i (x, y) (i = 0, 1, 2) are the solutions of the following local problems involving y
Here x is regarded as a parameter. A necessary condition for solving equation (36e) for p 4 is that
By integrating equation ( 
and inserting in equation (62), it is finally obtained that
where A is defined as in equation (45) and B is defined as in equation (58). In other words, equation (64) is the reiterated homogenized boundary value problem corresponding to the deterministic boundary value problem given by equation (1).
